10

11

12

13

14

15

16

17

18

19

20

21

22

23

Parallel Semi-Implicit Time Integrators
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Abstract

In this paper, we further develop a family of parallel time integrators known
as Revisionist Integral Deferred Correction methods (RIDC) to allow for the
semi-implicit solution of time dependent PDEs. Additionally, we show that
our semi-implicit RIDC algorithm can harness the computational potential
of multiple general purpose graphical processing units (GPGPUs) by utilizing
existing CUBLAS libraries for matrix linear algebra routines in our imple-
mentation. In the numerical experiments, we show that our implementation
computes a fourth order solution using four GPGPUs and four CPUs in ap-
proximately the same wall clock time as a first order solution computed using
a single GPGPU and a single CPU.

Keywords: Advection—Diffusion, Reaction—Diffusion, integral deferred

correction, parallel integrators, graphics processing units

1. Introduction

RIDC methods are parallel-in—step time integrators [3, 5]. The “revi-
sionist” terminology was first adopted in [3] to highlight that (i) this is a
revision of the standard integral defect correction (IDC) methods, and (ii)

successive corrections, running in parallel but lagging in time, revise and im-
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prove the approximation to the solution. This notion of time parallelization
is particularly exciting because it can be potentially layered upon existing
spatial parallelization techniques [2, 15], including algorithms that utilize a
single GPGPU card to solve time dependent PDEs [9, 14, 1], to add further
parallel scalability.

The main idea behind RIDC methods is to re-write the defect correc-
tion framework so that, after initial start-up costs, each correction loop can
be lagged behind the previous correction loop in a manner that facilitates
running the predictor and correctors in parallel. This idea for parallel time
integrators was previously published by the present authors in [3, 5]. As
before, this is still small scale parallelism in the sense that the time paral-
lelization is limited by the order one wants to achieve.

To harness the computational potential of multiple graphical processing
units (GPGPUs), the CUBLAS library [12] (which is a collection of linear
algebra subroutines coded in CUDA) are utilized to demonstrate that by
threading the RIDC loops, multiple GPGPUs can be utilized for our semi-
implicit RIDC algorithm. We present numerical experiments in Section 4
to show that our algorithm and implementation computes a fourth order
semi-implicit solution using four GPGPUs and four CPUs in approximately
the same wall clock time as a first order forward-backward Euler solution
computed using a single GPGPU and a single CPU.

This paper is organized as follows. In Section 2, we review additive
Runge-Kutta methods, which are a family of high order semi-implicit in-
tegrators. In Section 3, semi-implicit RIDC methods and their properties

are presented. Then, numerical benchmarks comparing RIDC and additive
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Runge—Kutta methods are given in Section 4, followed by concluding remarks

in Section 5.

2. ARK Methods

We are interested in solutions to initial value problems of the form,

y'(t) = f(ty) + N (ty), telab]

y(a) = a.

(1)

where y,oc € R, f¥ : R x R® = R" and f° : R x R® — R". The func-
tion f9(t,y) contains stiff terms that need to be handled implicitly, and
N (t,y) consists of non-stiff terms that can be handled explicitly. A first
order implicit-explicit (IMEX) discretization of the IVP (1) can be written
as

Yn+1 — Un _

At fs(tn-i-la yn-i—l) + fN(tna yn)a with Yo = Q.

The above IMEX discretization is particularly useful if f9(¢,y) is linear in y,
i.e. f9(t,y) = Dy, which is often the case in a method of lines discretization
of PDEs containing relaxation terms. In such cases, the IMEX discretization

reduces to a linear system solve the solution at each time level,
(I — DA)Yni1 = Y + AtfN(tn, yn),  with yo = a. (2)

Higher order IMEX discretizations are also possible. A popular choice are

the so-called additive Runge-Kutta (ARK) methods, which couples s-stage



s« diagonally implicit RK (DIRK) and explicit s-stage explicit RK method

00 0
S S N
S S S N N N
Cs | Qg1 Qg Ugs | As1 Qg a’s,sfl 0
S S S N N N N
bl b2 T bs bl b2 T bsfl bs

s to generate a high order semi-implicit integrator. The discretization of

66 VP (1) using an ARK method can be written as

Ynt1l = Yn + Atz (be;i- + blNKfl\g) ,  with yg = a,

=1

&7 where the stages satisfy

i i—1
s s S S NKN
KS = f (tn +elht, g+ ALY R+ ALY a Knj)
j=1

j=1
KN = N (tn + ¢ AL, y, + At Z al K5+ At i aijZ-) .
j=1 j=1
¢ The third and fourth order ARK methods from [10] are used to bench-
oo mark against our fourth order RIDC-FBE (RIDC constructed using forward
7 and backward Euler integrators). These ARK methods have the following
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(Note, a second order ARK scheme was also tested, but not presented because
of its poor stability constraints). Similar to before, if f%(¢,y) is linear in y,
then each stage computation reduces to a linear solve since a DIRK method

was paired with an explicit integrator in the discussed ARK methods.
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3. RIDC Methods

RIDC methods are a class of time integrators based on integral de-
ferred correction [6]. RIDC methods first compute a prediction to the so-
lution (“level 0”) using low order schemes (e.g. a first order implicit-explicit
method) followed by one or more corrections to compute subsequent solution
levels. Each correction revises the solution and increases the formal order
of accuracy by 1, if a first order implicit-explicit integrator is used to solve
the error equation. Each correction level is delayed from the previous level
as illustrated in Figure 1 — the open circles denote solution values that are
simultaneously computed. This staggering in time means that the predictor
and each corrector can all be executed simultaneously, in parallel, while each

processes a different time-step.

3rd correction ° O
. 2T\
2nd correction @ L] o o “ O
‘ L

(o o

1st correction . ® ° o} O
77777777 v
prediction ° ° O

tn—3 tn—2 tn—l tn tn+1

Figure 1: (RIDC4-FBE) This plot shows the staggering required for a fourth
order RIDC scheme, constructed using a first order implicit—explicit predic-
tors and correctors. The time axis runs horizontally, and the correction levels
run vertically. The white circles denote solution values that are simultane-
ously computed, e.g., core 0 is computing the prediction solution at time ¢,,1

while core 1 is computing the 1st corrected solution at time ¢, etc.
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In Section 3.1, we first derive the error equation. Then, Section 3.2 and
Section 3.3 give numerical schemes for solving the IVP and the error equation.
In Section 3.4, we review theorems related to the formal order of accuracy
that follow trivially from [4], and in Section 3.5, we summarize starting and

stopping details for the RIDC algorithm as well as the notion of resets.

3.1. Error Equation

Suppose an approximate solution 7(t) to IVP (1) is computed. Denote

the exact solution as y(¢). Then, the error of the approximate solution is

e(t) = y(t) = n(t). (3)
If we define the residual as €(t) = n/(t) — f5(t,n(t)) — fN(t,n(t)), then the
derivative of the error (3) satisfies
e'(t) = y'(t) —n'(1)

= [t y() + fY () = (8 nt) — (8 n() — et).

The integral form of the error equation

!/

o+ [erar| = w0+ o)+ a0 )
=7 () = ¥ (tn(t))
can then be solved using the initial condition e(a) = 0.

3.2. The predictor

To generate a provisional solution that can be corrected, a low order
integrator is applied to solve IVP (1); this process is typically known as
the prediction loop. The first-order IMEX scheme reviewed in Section 2

7
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will be used to generate our RIDC-FBE (RIDC forward and backward Euler
method) though in theory, any ARK methods reviewed in Section 2 can be
used. We adopt the following notation:

771[“?4]»1 - nn] + Atnfs( n+1, T]n+1) + Atnf ( n+1, ,r]lzJ]rl) (5>

where the superscript [’ indicates this is the solution at level 0, the prediction

level. This non-linear equation can be solved using Newton’s method.

3.3. The corrector

The correctors are also low order integrators, but are used to solve the
error equation (4) for the error e(t) to an approximate solution 7(t). Since the
error equation is solved iteratively to improve a solution from the previous
level, each correction level computes an error e/=1(¢) to the solution at the
previous level ni=1(#) to obtain a revised solution nll(¢) = nli=1(t)+eli=1(t).

A first order IMEX discretization of the error equation (4) (after some

algebra) gives

77511 =nil + At |:fs(tn+177]£ﬁrl) + N (tn, 771[1]])} B o

A 2+ D]+ [ g )

The integral [, 1 f (7,1 (7)) dr is approximated using quadrature. For
the j' correction loop, (j + 1) nodes are needed in the stencil to accurately
approximate the integral. There are various choices for the stencil, but in

practice, the stencil should include the nodes ¢, and t¢,,;. We make the
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following choice for selecting our quadrature nodes:
tn+1 .
[ st ar ~ 7)
tn

Zizo Qi (fN(th—m 7]54:11]_;?) + f5 (tng1—k, 775@”%)) , f(n>j—1)
S o Ok (fN(t/w 77;[5_1]) + f9(tx, 77;[3_1])> : if (n<j—1)

where the quadrature weights are given by

. J
ak:/tﬂ H (t —thg1-i) dt, k=0,1,...,5—1
n . i=0,itk (tn+1—k - tn-i-l—i) ) [} ;

forn>j5—1, and
i I (f— 1)
Qi = ~—dt, k=0,1,...,57—1
/tn y (te — 1)
1=0,i#£k
for n < j — 1. Since uniform time steps are used in the computation, then
only one set of quadrature weights needs to be computed, stored, then used

as necessary.

3.4. Formal order of accuracy

The analysis in [4], proving convergence under mild conditions for IDC-

ARK methods, extends simply to these RIDC-ARK methods.

Theorem 3.1. Let f(t,y) and y(t) in IVP (1) be sufficiently smooth. Then,
the local truncation error for a RIDC method constructed using a first order

IMEX integrators for the predictor and (p — 1) correction loops is O(A#PT1).

Theorem 3.2. Let f(t,y) and y(t) in IVP (1) be sufficiently smooth. Then,

the local truncation error for an RIDC method constructed using uniform

time steps, a po'-order ARK method in the prediction loop, and (py, pa, - - - , p;)*™-

order ARK methods in the correction loops, is O(AtP™!), where p = Zg:o Ds.
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3.5. Further Comments

During most of a RIDC calculation, multiple solution levels are marched
in a pipe using multiple computing CPUs/GPGPUs. However, the comput-
ing nodes in the RIDC algorithm cannot start simultaneously: each must
wait for the previous level to compute sufficient 7 values before they can
be marched in a pipeline fashion. By carefully controlling the start-up of a
RIDC method, one can minimize the amount of memory that is required to
march the nodes in a pipeline fashion. In our implementation, the order in
which computations are performed during start-up is illustrated in Figure 2
for a fourth order RIDC constructed with first order IMEX predictors and
correctors. The j™ processor (running the j'™ correction) must initially wait
for j(j + 1)/2 steps, e.g., node 2 has to wait 3 steps before starting. There
are also idle computing threads at the end of the computation, since the
predictor and lower level correctors will reach ty = b earlier than the last
corrector.

An important notion to consider are “resets”, that is, instead of comput-
ing all the way to the final time, we compute on some smaller time interval to
time t,, and use the most accurate solution to reset the RIDC computation
at t = t,. In practice, resetting improves the stability of the semi implicit
RIDC scheme, and could lower the error constant of the overall method, but
at the cost of decreasing the speedup due to the additional cost of starting
the RIDC algorithm multiple times.

Additionally, one cannot increase the order of RIDC indefinitely as (i) it is
not practical (when would one ever want a 16th order method?) and (ii) the

Runge phenomenon [13], which arises from using equi-spaced interpolation

10



3rd correction (node 3) 0 @ @
2nd correction (node 2) @ @ @ @ @
1st correction (node 1) @ @ @ e @ @
prediction (node 0) (0) @ @ ©), @ @ @

to t1 to ts3 ta ..

Figure 2: This figure is a graphical representation of how the RIDC4-BE
algorithm is started. The time axis runs horizontally, the correction levels
run vertically. All nodes are initially populated with the initial data at t¢,.
This is represented by computing step 0 (enclosed in a circle). At computing
step 1, node 0 computes the predicted solution at ¢;. The remaining nodes
remain idle. At computing step 2, node 0 computes the predicted solution at
time t9, node 1 computes the 1st corrected solution at time t;, the remaining
two nodes remain idle. Note that in this starting algorithm, special care is
taken to ensure that minimum memory is used by not letting the computing
cores run ahead until they can be marched in a pipeline; in this example,

when node 3 starts computing 3.

11
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points, will eventually cause the scheme to become unstable. In practice, 8th
and 12th order RIDC methods using double precision do not suffer from the
Runge phenomenon.

Lastly, there is another family of parallel time integrators, known as
parareal methods [11], that is actively being researched [7, 8]. These meth-
ods fall into the class of “parallel across the method” algorithms, where the
entire time domain is split across multiple nodes, a coarse operator is run in
serial, followed by a parallel correction update. We encourage users to more
carefully consider parareal if the small scale parallelism offered by RIDC is

not sufficient.

4. Numerical Examples

Advection—reaction—diffusion equations have been widely used to model
chemical processes across many disciplines. Here, we present two numeri-
cal examples: an advection—diffusion and a reaction—diffusion equation, to
validate the order of accuracy of the RIDC4-FBE scheme, and the speedup
obtained in the parallel OpenMP framework, and the OpenMP-CUDA hy-
brid framework. In each example, the stiff term is chosen as the diffusion
operator, f%(t,y) = y... Applying a centered finite difference operator to
approximate 0., reduces each RIDC/ARK step to a series of decoupled lin-
ear system solves. The matrices are pre-factored into their QR components
so that each linear solve is reduced to a matrix—vector multiplication and a
back solve operation.

The computations presented were performed on a stand alone server con-

taining a quad core AMD Phenom X4 9950 2.6Ghz processor with four Nvidia

12
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Tesla GPU C1060 GPGPU cards. The ARK schemes are coded using plain
C++ with (i) a homegrown linear algebra library and (ii) the CUBLAS 4.0
library [12]. The RIDC4-FBE is coded in C++ with (i) OpenMP and the
homegrown linear algebra library, and (ii) OpenMP and the CUBLAS 4.0
library. Some important subtleties for creating a hybrid OpenMP — CUDA
RIDC code are: (i) we can control which GPGPU card is used for a linear
solve by calling the cudaSetDevice() function, and (ii) in using “#pragma
for” loop to spawn individual threads for each prediction/correction loop,

we have to utilize static scheduling.

4.1. Advection-Diffusion
We first consider the canonical advection-diffusion problem to show that
we can achieve designed orders of accuracy for our RIDC-FBE algorithm.

The constant coefficient advection-diffusion equation

U = Cuy + dug,, «€[0,1], te]0,40],

u(z,0) = 2 + sin(27x),

with periodic boundary conditions, is discretized using the method of lines
methodology. Specifically, the advection term is discretized using upwind
first order differences, and the diffusion term is discretized using central dif-

ferences. The following system is then recovered,
u = Au+ Du, u(0) = q,

where the matrix A approximates the advection operator, and the matrix

D approximates the diffusion operator. We choose the obvious splitting,

fN(t,u) = Au, and f9(t,u) = Du. We take ¢ = 0.1,d = 1073, Az = -

1000°

13
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First, we show in Figure 3a that ARK and RIDC4 achieve their designed
orders of accuracy. Observe that the error coefficient for ARK4 is several
orders of magnitude smaller than that of RIDC4. In Figure 3b, we instead
plot the results from the same numerical run, this time plotting error as
a function of the wall clock time. Several observations can be made: (i)
for all the schemes, our GPU implementation is approximately an order of
magnitude faster than the CPU implementation, (ii) RIDC4 (both the CPU
and GPU implementations) compute a fourth order solution in the same
wall clock as the FBE solution, (iii) for a fixed wall clock time, RIDC4 (with
4 GPGPUs) computes a solution that is several orders of magnitude more
accurate than the solution computed using ARK4 (with 1 GPGPU).

We also show in Figure 4 the error of RIDC4 as a function of restarts.
As expected, the error decreases as the number of restarts is increased. The
penalty for each restart is having to fill the memory footprint at each restart
before marching the cores/GPGPUs in a pipe.

Finally, in Figure 5, we show the speedup that is obtained when RIDC4
is computed using one, two and four CPUs, and when RIDC4 is computed
using one, two and for GPGPUs. We appear to obtain almost linear speedup,

even with 10 restarts.

4.2. Viscous Burgers’ Equation

We also consider the solution to viscous Burgers’ equation,

1
Ut + 2 (uz)x = €Uy, (2,1) €[0,1] x [0,1],

with initial and boundary conditions

uw(0,t) =u(l,t) =0, wu(x,0)=sin(27x)+ %sin (rz).

14
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(a) Convergence study: error versus number of time steps

10
-o-FBE —- CPU
ARK3 —— CPU
;107 {|-e-ARK4 —— CPU
5 -o-RIDC4 —- 4 CPUs
5 . -A-FBE —— GPU
= 107 1|2 ARK3 —- GPU
-4- ARK4 —— GPU
-A-RIDC4 —— 4 GPUs
10—15
10° 10°

wall clock time

(b) error versus wall clock time

Figure 3: (a) This standard “error versus step size” convergence study for
RIDC4-FBE (with 10 restarts) and the various ARK methods presented in
section 2. All schemes achieve their designed orders of accuracy. Observe
that the RIDC4-FBE error coefficient is much larger than that of the ARK4
scheme. This is a small price to pay for the parallel speedup that can be
obtained, as shown in (b). Two observations should be made: (i) for all the
schemes, our GPU implementation is approximately an order of magnitude
faster than the CPU implementation, (ii) RIDC4 (both the CPU and GPU
implementations) compute a fourth order solution in the same wall clock as

the FBE solution.

15



lerror|

0 5 10 15 20

Num Restarts
Figure 4: The error of RIDC4 schemes at the final time 7" = 40 decreases as
the number of restarts is increased (for a fixed number of time steps, in this

case, 4000 time steps). Each restart requires that the memory footprint be

refilled before the cores/GPGPUs can be marched in a pipe.

4 D
53l
3 RIDC4 - CPUs
8 RIDC4 - GPUs
»n 2L

e

2 3
num CPUs/GPUs

Figure 5: Our RIDC4 implementation (both the CPU and GPU implemen-

tation) attains almost linear speedup.
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0 0.5 1

Figure 6: Solution to Burgers’ equation, with e = 1073 and Ax = ﬁ. Time

snapshots at t = 0,0.2,0.4,0.6,0.8 and 1 are shown.

The solution develops a layer that propagates to the right, as shown in Fig-
ure 6. The diffusion term is again discretized using centered finite differences.

A numerical flux is used to approximate the advection operator,

N 1 ﬁu/z B fin—l/Q

((Uzn)g)x 5 Az )

1
2

where

() + (u)?) -

N | —

irjrl/2 =
Hence, the following system of equations is obtained,
u = L(u) + Du,

where the operator £(u) approximates the hyperbolic term using the numer-
ical flux, and the matrix D approximates the diffusion operator. We choose
the splitting fN(¢,u) = L(u) and f3(t,u) = Du, and take ¢ = 1073 and

Ax = Tloo' No restarts are used for this simulation.
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The same numerical results as the previous advection—diffusion example
are observed in Figure 7. In plot (a), the RIDC scheme achieves it’s designed
order of accuracy. In plot (b), we show that our RIDC implementations
(both the CPU and GPGPU versions) obtain a fourth order solution in the
same wall clock time as a first order semi-implicit FBE solution. The RIDC
implementations with multiple CPU/GPU resources also achieve comparable
errors to a fourth order ARK scheme in approximately one tenth the time.

In plot (c), we show that our RIDC implementation obtains linear speedup.

5. Conclusions

In this paper, we further developed RIDC algorithms to generate a fam-
ily of high order semi-implicit parallel integrators. The analysis related to
convergence is a simple extension from previous work, and the numerical ex-
periments demonstrate that the fourth order RIDC-FBE algorithm achieves
its designed order of accuracy. Additionally, we showed that our semi-implicit
RIDC algorithm harnessed the computational potential of four GPGPUs by
utilizing OpenMP coupled with with the CUBLAS library. This semi-implicit
RIDC algorithm can potentially be coupled with existing legacy parallel spa-
tial codes. Work is on-going to explore a hybrid MPI-OpenMP—-CUDA al-

gorithm for more heterogeneous architectures.

Acknowledgments

This work was supported by AFRL and AFOSR under contract and
grants FA9550-07-0092 and FA9550-07-0144 and NSF grant number DMS-
0934568. We also wish to acknowledge the support of the Michigan State

18



10
(M
. oFBE
3 10 ||-=ARK3
5 —~-ARK4
= -A-RIDC4
-10
10 :
10° 1’\(1)4 10°
t

(a) Convergence study: error versus number of time steps

0

10

-6-FBE —- CPU
ARK3 -- CPU
. o~ ARK4 —— CPU
5 10" ||-e-RIDC4 — 4 CPUs
= -A-FBE — GPU
- ARK3 —- GPU
-A- ARK4 —- GPU
-A-RIDC4 —— 4 GPUs
-10
107"°L .
10 10 10
wall clock time
(b) error versus wall clock time
4 ‘ ‘ Al
23
3 RIDC4 - CPUs
] RIDC4 - GPUs
o 2ol

2 3
num CPUs/GPUs
(c) Speedup of RIDC4

Figure 7: In (a), we show that the ARK schemes and our RIDC4-FBE scheme
achieve the designed orders of accuracy. The plot in (b) shows the error as a
function of wall clock time. T'wo observations should be made: (i) for all the
schemes, our GPU implementation is approximately an order of magnitude
faster than the CPU implementation. In plot (c), we show that our RIDC4

implementation attains nearly perfec%%peedup.
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