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INTEGRAL DEFERRED CORRECTION METHODS
CONSTRUCTED WITH HIGH ORDER RUNGE{KUTTA
INTEGRATORS.

ANDREW CHRISTLIEB, BENJAMIN ONG, AND JING-MEI QIU

Abstract. Spectral deferred correction (SDC) methods for solving ord inary
di erential equations (ODEs) were introduced by Dutt, Gree  ngard and Rokhlin

[4]. It was shown in [4] that SDC methods can achieve arbitrar y high order
accuracy and possess nice stability properties. Their SDC m ethods are con-
structed with low order integrators, such as forward Euler o r backward Euler,

and are able to handle sti and non-sti terms in the ODEs. Int his paper, we
use high order Runge-Kutta (RK) integrators to construct a f  amily of related

methods, which we refer to as integral deferred correction ( IDC) methods. The

distribution of quadrature nodes is assumed to be uniform an d the correspond-
ing local error analysis is given. The smoothness of the erro r vector associated
with an IDC method, measured by the discrete Sobolev norm [7, 17], is a
crucial tool in our analysis. The expected order of accuracy is demonstrated
through several numerical examples. Superior numerical st ability and accu-

racy regions are observed when high order RK integrators are used to construct
IDC methods.

1. Introduction

In this paper, we consider integral deferred correction metods (IDC) [4] for
solving initial value problems (IVP) consisting of ordinary di erential equations
(ODEs). Note that in the literature, this family of methods i s referred to as spec-
tral deferred correction (SDC) methods if Gaussian quadratre nodes are used
to compute a correction to the defect or error. Compared to traditional multi-
step methods, e.g., Adams-Bashforth methods (AB) and multistage methods, e.g.,
Runge-Kutta (RK) methods, IDC methods are able to achieve abitrary high order
accuracy without tedious algebraic computations, and are ale to handle sti and
non-sti terms in the ODEs. IDC methods also maintain reasonably large stability
regions as the order of the schemes increase.

As discussed in [4], there are various decisions to be made e constructing
IDC methods; much work has been done in the literature to expbre these choices.
The selection of quadrature nodes is discussed in [11], whil[15] uses semi-implicit
schemes to handle temporal multi-scale problems. The auths in [13, 12] also
study the choice of predictors and correctors to construct emi-implicit SDC meth-
ods. In [8, 9], Krylov subspace methods are used to accelemtthe convergence
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of SDC methods. In [7, 6], the smoothness of the error vectorssociated with an
SDC method is introduced, and is used to discuss the convergee of SDC schemes.
Their analysis and concept of smoothness of the error vectomotivated this paper.
Theoretical convergence results for SDC method constructk using low order inte-
grators are discussed in various papers [5, 1, 18]. Applicain of SDC methods to
PDEs, through the method of lines approach, can be found in [&, 10, 2, 18, 14].

The main focus of this paper is to study IDC methods construced using high
order RK integrators. Speci cally, we will prove under mild conditions, that using
anr™ order RK integrator to solve the error equation in a correction loop, increases
the order of accuracy of an IDC method byr orders. The smoothness of the er-
ror vector associated with an IDC method, measured by a dis@te Sobolev norm
(introduced and used in [7, 17]), is a crucial concept in the dcal error analysis. In
contrast to the SDC methods in [4], we assume that the quadratre nodes are uni-
formly distributed. For the case of a non-uniform distribut ion of quadrature nodes,
including the Gaussian quadrature nodes discussed in [4],rpliminary numerical
results indicate that a corresponding relation for the orde increase does not hold.
We address these issues in [3].

The main part of the paper is organized into six sections.x2 is a review of IDC
methods described in [4], whilex3 introduces the concept of discrete smoothness,
measured by a discrete Sobolev normx4 gives an analysis of the local error of IDC
methods constructed with forward Euler integrators; this section sets a framework
for the analysis of IDC methods constructed using high orderRK methods in x5.
In x6, a numerical example is provided to support the theoreticaresults in x4 and
x5. Superior stability and accuracy properties of IDC methods constructed with
high order RK integrators are also demonstrated. Concluding remarks are given
X7.

2. Review of IDC methods

This section is a review of IDC methods from [4]. Our discussin on these
methods is based on notations introduced below. We considean IVP consisting of
a system of ODEs and initial conditions,
yA) = f(ty); t2[0T];

y(0) = yo:
The time domain, [0; T], is discretized into intervals,

2.1)

0=t <ty < <t, < <tn =T;
and each interval, |, =[tn;th+1 ], is further discretized into sub-intervals,
(2.2) th = tho = th;1 < <tpm < <tnm = th+r:

The IDC method on each time interval [t,; tn+1 ] is described below. We drop the
subscript n, e.g.,to := tnh.o in (2.2), with the understanding that the IDC method
is described for one time interval. We also refer toty, := t,,m as grid points or
guadrature nodes, whose indexn runs from 0 to M, and denote the sub-interval
sizesadhy =ty tm 1.m=1;:::;M.

merical solution, ~% = ( O ... [o]..... IOy \which is an r" order
approximation to ¥ = (Yo;Y1;:::;Ym;:::;Ym ), Where yy, = y(ty) is the



(2.3)

(2.4a)

(2.4b)

(2.5)
[k]

m+1 —
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exact solution at t,,. For example, applying a rst order forward Euler
method to (2.1) gives ,[2]),1 = Bt hpaaf (t; L?]); m=0;::;M 1
(correction loop) Use the error function to improve the accuacy of the

scheme at each iteration.

(1) Denote the error function from the previous step as
e Dy=y@) & D),

where y(t) is the exact solution and & Y (t) is an M degree poly-
nomial interpolating ~* 1. Note that the error function, e* 1 (t), is
not a polynomial in general.

(2) Compute the residual function, & D(t) = ( & MYt) f(t; &k D(t)).
In the literature, the residual function is often called the pointwise, or
di erential defect.

(3) Compute the numerical error vector, I = ( [0 [ Iy e
ing an (ry)™" order numerical method to discretize the integral form
of the error equation,

Z 0

t
e Ve (YA

f ® P+ D) f & D)

Fte® D);

whereF (t;e(t)) = f(t; (t)+ e(t)) f(t; (t). ™ isan (r)™ order
approximation to €k 1 = (el i1, el My and ey Y=
e D(ty) is the value of the exact error function at t,,. For example,
applying a rst order forward Euler method to (2.4) gives,

Ztm+1
o+ e (F (s i U 5D f (s ) RMOL

tm

[K] [k 1] [K] [k 1] X [k 1]
m + hma (F(tm +m) fltms m ™) m;jf(tj; i )
j=0
m=0;:::;M 1;
where we have approximated the integral by interpolatory quadrature
formulas, as in [4].
(4) Update the numerical solution ~kI = ~k 11 + ~k],

Notationally, superscripts with a round bracket, e.g., (k), denote a function, while
superscripts with a square bracket, e.g.,§], denote a vector at the k" correction
step. English letters are reserved for functions or vectordn the exact solution
space, e.g., an exact solutiony(t) and an exact error function e(t), while Greek
letters denote functions or vectors in the numerical soluton space, e.g., a numerical

solution

Remark

(t), and a numerical error function (t).

2.1. There are various construction decisions for generating aibC method.

For example, the distribution of grid points (2.2), or the choice of dierent inte-

grators.

In this paper, we would like to make the statements \(ro)™ order ap-

proximation" and\ (r¢)" order approximation" in our description of IDC methods
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mathematically rigorous. We will focus our discussion on a niform distribution
of quadrature nodes. The non-uniform case, including Gausan quadrature nodes,
will be addressed in [3].

Remark 2.2. Deferred correction methods described in reference [4] ardited therein
di er from the spectral deferred correction in that a di ere ntial form of the error
equation is formulated,

26) @ D= 1E I+ e D) o< D;

instead of (2.4). In this paper, we focus on IDC methods and hie y address the
corresponding results in deferred correction methods.

3. Mathematical Preliminaries

De nition 3.1.  (smoothness of a function): A functionf (t), t 2 [0; T] possesses
S degrees of smoothness, Kd*f k; := %f , Is bounded, fors = 0;1;2;::5;S,
wherekf ky = max s o.77jf (1)].

We would like to establish the concept of smoothness for a disete data set,
analog to that of a function. Consider the discrete data set,

(3.2) (t;f)= f(to;fo); s (tm ;Fm)O;

where f, = f(tn) and t, = mh; m = 0;:::;M are equi-spaced points. The
smoothness of a discrete data set is established in the liniitg process ofh ! 0.

De nition 3.2.  (discrete di erentiation): Given a discrete data set, (t;f ), de ned
in (3.1), denote LM as the usual Lagrange interpolant, anM " degree polynomial
that interpolates (t;f ),

Yot ot

b
(3.2) LM (t;f) = cn()fm: where cm(t)= R

m=0 ném

An st:‘ degree discrete di erentiation is a linear mapping that mapsf = (fo;f1;:::;fm)
into él\sf, where (d\sf)m = %LM Qt;f )it=t,, - This linear mapping can be repre-
sented by a matrix multiplication dsf = Ds 7, whereDs 2 R(M*)  (M+1) ' gng
(Ds)mn = & (Djt=t, , MmN =0;::5M.

De nition 3.3.  The ($;1 ) Sobolev norm of the discrete data set{ f ), is de ned
to be

PSS X
=0

|
where dof = 1d fis the identity matrix operating on f.

De nition 3.4. (smoothness of a discrete data set): A discrete data set (3)1
possesseS (S M) degrees of smoothness, Kfks., is bounded ash! 0.

The smoothness of a discrete data set can also be measured hyided di erence
approximations to the derivative of the discrete data set.
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De nition 3.5. (divided di erences): Given a discrete data set ¢;f), (3.1), a
divided di erence pf the discrete Idata set is a linear mappirg that maps f~ =
(fo;f1; i fm) into dif , with size(dif) = M and (dif )y = =t Im for m =

tm+ tm

p; ML Aq st degree divided di erence is a linear mapping that mapsf~ into
dsf, with size(dsf) = M s+1 and (dsf )y = Ee2Dot (s aDo o for m =
0;:M s

De nition 3.6.  The (S;1 ) Sobolev norm of ¢;f ) is de ned to be

S
f = dsf ;
s=0 1

|
wheredof = I1d f.

Proposition 3.7.  The (8;1 ) Sobolev norm de ned in De nition 3.3 is equivalent
to the (S;1 ) Sobolev norm de ned in De nition 3.6.

Proof. We will prove the equivalence of the {; 1 ) and (1;1 ) norm; the equivalence
of the general §;1 ) and (S;1 ) norm can be proved in a similar fashion. For any
discrete data set (3.1), letLM (t; f ) be the corresponding Lagrange interpolant (3.2).
By De nition 3.2, ( &if )m = @@tLM (t;f)ji=t,, - (dif )m is a rst order approximation
to @@tLM (t,f )jt=tm , i.e.,

(3.3) (Ahf ) = @@tLM (6 )izt + O(h) = (i ) + O(h):

From (3.3), if (3;1 ) norm is bounded and independent ofH , then so is the (1,1 )
norm, and vice versa. This proves the equivalence of the twoarms.

Utilizing Proposition 3.7, the smoothness of a discrete dad set can also be
measured by divided di erences of the discrete data set.

De nition 3.8. (smoothness of a discrete data set) A discrete data set (3.1)
possesseS (S M) degrees smoothness, iff~ o1 is bounded, ash! 0.

Bemark 3.9. We reqluire S M in De nition 3.4 and De nition 3.8, because
H\M + f =0 andsize(dy +1 f) = 0, for any discrete data set.

Example 3.10. (a not so smooth discrete data set): The discrete data set,
(t:f) = £(0;0); (h; h); (2h; 2h); (3h; h); (4h; O)g;

with H =4h has only one degree of smoothness in the discrete sense, adaug to
either De nition 3.4 or 3.8.

We will use the de nitions of smoothness, De nition 3.4 and De nition 3.8 inter-
changeably as convenient. Propositions 3.11 through 3.15e%cribe basic properties
associated with the smoothness of discrete data sets. We onthe proofs for brevity.

Proposition 3.11. If a discrete data set(t;f ), as de ned in (3.1), has S degrees
of smoothness, then(t;hPf) = f(tm;h? fm)g¥_, has min(S + p;M) degrees of
smoothness.



6 ANDREW CHRISTLIEB, BENJAMIN ONG, AND JING-MEI QIU

Proposition 3.12.  If discrete data sets(t;f) and (t;g) have S; and Sy degrees
of smoothness respectively, therft;f + g) = f(tm;fm + gm)oM_, and (t;f g) =
f(tm;fm Om)agM_q havemin(St;S,) degrees of smoothness.

Proposition 3.13. If a function f(t), t 2 [O;H], has S degrees of smoothness
in the continuous sense, then the discrete data sdt;f) = f(tm;f (tm))gM_, has
min(S; M) degrees of smoothness in the discrete sense.

Proposition 3.14.  If a function f (t), t 2 [0; H], has S degrees of smoothness in the
continuous sense, then the discrete data sdt; H P ‘(’ft—g) = f(tm;H p‘(’;—g(tm))gmzo
hasmin(S g+ p;M) degrees of smoothness in the discrete sense with S. This
is a direct consequence from Proposition 3.13 and Propositin 3.11.

Proposition 3.15.  If a function f (t) hasS; degrees of smoothness in the continu-
ous sense and the discrete data sét;g) = ftm;gm0M-, hasSy degrees of smooth-
ness in the discrete sense, then the discrete data s@tf @) = ftm;f (gn)a¥
has min(Sy ; Sy) degrees of smoothness in the discrete sense.

Finally, we establish the relationship between the smoothmss of the error vector
associated with an IDC method, measured by properties of itdiscrete derivative
or its divided di erence, and the derivative of the corresponding error function.

Proposition 3.16. Let y(t) in IVP (2.1) haveS M +2 degrees of smoothness in
the continuous sense, and let, be the numerical solution computed using an IDC
method constructed with(M +1) equispaced quadrature nodes in each sub interval. If
the error vector associated with an IDC method;e= y -, satises kek; O (h'*1)
with r M, and the corresponding error function from interpolation errors, e(t) =
y(t) LM(t; ), satises e = et = t;), (note that e(t) is not a polynomial in
general), then

e(t) O (h'™*1), for t 2 [O;H].

lete= Aeande(t) = Ae(t). If 8hasSe M +1 r degrees of smoothness

in the discrete sense, then

d 0(1); if0 i Se .
(3.4) We(t) O(ﬁ); fS. | M+1 r 8t 2 [O;H]:
The vector (%ﬂjtzto; B dide%jt:w ) hasSe i degrees of smoothness in

the discrete sense foi  Se.

The proof of this proposition can be inferred from well known properties of the
derivatives in Lagrange interpolation. Note that these error estimates for polyno-
mial interpolation do not require that the grid be equispaced.

4. Local error of IDC methods constructed with forward Euler
integrators

In this section, we provide local error estimates for IDC mehods constructed
using forward Euler integrators. Our approach diers from the convergence and
local error estimates discussed in [8, 18] respectively. Ti& section introduces the
framework which allows for the analysis of IDC methods constucted using high
order RK methods, discussed in Section 5. In the following teorems and lemmas,
we will assume that function f (t;y) in IVP (2.1) has S 1 degrees of smoothness
if the solution y(t) has S degrees of smoothness.
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Theorem 4.1. Let y(t), the solution to the IVP (2.1), have at leastS M +2
degrees of smoothness in the continuous sense. Then, thedberror for an IDC
method constructed using(M + 1) uniformly distributed nodes, (tn, = mh;m =
0;:::;M), and forward Euler integrators for the prediction and k; M correction
loops, is O(hk1*2).

Proof. The proof of Theorem 4.1 follows from two lemmas discussed idepth below.
We will show in Lemma 4.2 that the theorem holds fork = 0, and in Lemma 4.3
that an inductive argument is satis ed. Note that this theor em is also implied by
discussions in [5].

Lemma 4.2. (prediction step): Consider an IDC method constructed usig (M +1)

uniformly distributed nodes, and a forward Euler integrata for the prediction step.

Let y(t), the solution to the IVP (2.1), have at leastS M +2 degrees of smooth-
[0]

the prediction step. Then the error vector,€% = y ~I% satis es kd%k; O (h?),

and the rescaled error vector, &% = 1€% hasM degrees of smoothness in the dis-

crete sense.

Proof. We drop the superscript [0] as there is no ambiguity. Since n+1 = m +
hf (tm; m), the error at tm+1, €m+1 = Ym+1 m+1 , satis es
§( 1 hi .
€n+1 = €n + h(f (tm;ym) T(tm; m))+ Fy(l)(tm)*’ O(hs);
i=2
where we have performed a Taylor expansion ofm+1 aboutt = ty,. Let u, =
f(tm;ym) f(m; m),andry = %y‘z) (tm)+  + 2 y(S D(t.). Notice that

(]
S 1 S 2
s e 2ltwivn) + O(en)®

where we have performed a Taylor expansion of (t; ) about y = y,,. We are
now ready to bound k€%k; by induction. By de nition, e = 0, so certainly,
e O (h?). Assume thate, O (h?). Sinceu, O (en) O (h?), we have

€n+1 = €n + hum + 1y + O(hs) o (hz);

which completes the inductive proof that kek; O (h?). Note that the inductive
proof was with respect tom, the index of the grid points.

To prove the smoothness of the rescaled error vector, we wikhgain use an in-
ductive approach, but this time, with respect to s, the degree of smoothness. First,
note that a divided di erence approximation to the derivati ve of the rescaled error
vector gives,

Um = emfy(tm;ym)+

(41) (dle)m = w = 4y + L_n; + O(hS 2),
where
Um_§<2 i+1hil . i 28 3.
= (D" -ty (tmiym)(em)' + O(h®S 2):

by = —
! h i=1

We are now ready to prove that & has M degrees of smoothness by induction.
Sincekek; O (h), & has at least zero degrees of smoothness in the disc'rete sense

Assume thate hass M 1 degrees of smoothness. We will show that; e has
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s degrees of smoothness, from which we can conclude thathas (s + 1) degrees of
smoothness. |
Sincefyi has (S i 1) degrees of smoothness in the continuous sendg, =
[fyi (to; yo) """ Syt yN‘ )] has (S i 1) degrees of smoothness in the discrete
sense. Consequentlyh' 1fy. has (S 2) degrees of smoothness, which implies that
& has min(S 2;s) degrees of smoothn'ess. Similarlys> has (S 2) degrees of
smoothness in the discrete sense. Henake has s degrees of smoothness )=
has (s + 1) degrees of smoothness. Since this argument holds f& M +2, we
can conclude that& hasM degrees of smoothness.

Lemma 4.3. (correction step): Consider an IDC method constructed usirg (M +1)

uniformly distributed nodes, and forward Euler integrators for the prediction and
ki, M correction loops. Also, lety(t), the solution to the IVP (2.1), have at least
S M +2 degrees of smoothness, and letdd = ( K::oo; Koo Iy Tpe the
numerical solution computed after thek™ correction loop. If €< 1 O (h**1) and
gk U= L d Uhas(M k+1) degrees of smoothness, thekelk; O (h**2),

and & = L€ has(M k) degrees of smoothness in the discrete sense.

Proof. The error equation, (2.4), integrated over tn;tm+1 ] gives

Ztm+1 tm+
(4.2) e =gk 1 F(te® D(t) dt D (t) dt
tm tm
hitl  d

Ztm+1
NESE F(tm; el )+ O(hM*2) (D) dt:

tm

= ek Ut hF(ty; ek )+

Recall from equation (2.5), that the numerical error vector, which arises from uti-
lizing a forward Euler integrator to solve the error equation, satis es

tm+

i = W h f(tm KT B fm ) K D(t)dt+ O(h"*2)

m+1
tm

Subtracting the numerical error vector from the error equation gives

K : : hi*t  d _
el =t h f(tniym) f(tn; K T+ ) ) GaDrdn” tmiem )+ O™
= ekl + hulkl + ¢k 14 O(hM *2);
P i+
whererly =" M, (?+11)| dt.F(tm, el ) and ¥ = f(tmiym) fltm: K Y+

,[n]). Taylor expanding f (tn; oy ,[Y'f]) about y = yn,, gives,

( )|+1

2

(4.3) ulkl =
i=1

fyi (tm:ym)(el)' + O((el)® )

We will also need a Taylor expansion ofF (t;e(® D(t)) = f(t;y(t) f(ty(t)
etk D(t)),

F(telk Dt)= ﬁ fy (Gy)(e® D) + o(e D(t)s 1):
j=1
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Sinceg* U has(M k+1) degrees of smoothness in the discrete sensfielk D (t)
O(1) from Proposition 3.16. Thus,

dF X 2( 1)i+lpk dyi oy
-7 LD g nyiy
dat j! dt

d(e(k 1))1‘
j=1 dt

fyi + O DS D1y O (h*):

We are now ready to bound ke<lk; by induction. By de nition, el

certainly, <) O (hk*2). Assume that ell O (h**2). Then,

=0, so

ey = el + hulk+ rlk 1+ O(hM*2)
o) (hk+2)+ O(hk+3)+ O(hk+2)+ O(hM +2) ®) (hk+2);
since each term of [k ¥ 0O (hk*2), and u® s bounded in (4.3). This completes
the inductive proof for the error bound.
To prove the smoothness of the rescaled error vector, we useanductive argu-
ment based ons, the degree of smoothness d&*!. This is similar in spirit to the
proof of Lemma 4.2. First, the rescaled error vectorgkl, has at least 0 degrees of

smoothness since & . O (h) is bounded. Assume that&l hass <M  k
|

degrees of smoothness. We will prove thatl, e hass degrees of smoothness, from
which we can conclude thatelX! has (s + 1) degrees of smoothness in the discrete
sense. The divided di erence approximation to the derivative of the rescaled error
vector can be expressed as,

[K] [K]
(dle[k])m = 7em+lh o

=4+ T+ O 1);

where

X 2( 1)i+1 k(i 1)

) = fyi (tm:ym)(€l))' + O(R(S 2021y,

il
i=1

has s degrees of smoothness, and
[k 1] Wi h 1l g ¢ 1

k- m = _ d cak 1
i e T I LA G
i=1

o ophi1 g 1§(2( 1)i+t
S (Fprdd T

oy Cdeelk DY
ko D (el Dy ( - Y (heo g,y

has at leastminS (j+1)+ k(j 1) 1;M k) s degrees of smoothness.

Sinced; ! hass degrees of smoothness, we can conclude the! has M +1 k)
degrees of smoothness.

Remark 4.4. For the case of non-uniformly distributed quadrature nodes the rescaled
error vector &% possesses only one degree of smoothness. An example is given
low. The lack of smoothness also holds for the rescaled erraector obtained after
an RK prediction step in Section 5. Consider the case of four gadrature nodes
distributed such that hy = %, h, = 2 andhs = . Then, ty, and ;Trmn in equation
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(4.1) only possess at most one degree of smoothness. For exalm if y(t) = t3 then
2 " >y (tm) + 3

has only one degree of discrete smoothness.

YO (tm) +

Remark 4.5. Theorem 4.1 can be extended to the case of non-uniformly digbuted
guadrature nodes, despite the reduced smoothness of the emvector. The proof is
similar in spirit to that of Theorem 4.1, since the rescaled eror vector only requires
one degree of smoothness to show thatelk O (h*2). This robust behavior for
the Euler case is in sharp contrast to the behavior of defect @rrection methods on
a non-uniform grid, which show no increase in order at all. Fo related results, see

[1].

5. Local error of IDC methods constructed with high order RK
integrators

In this section, we rst review properties of RK integrators, then provide the
local error estimates for IDC methods which utilize high order RK methods in the
prediction and correction steps. The outline for the error estimates is similar to the
local error estimates for IDC methods constructed with forward Euler integrators,
presented in the previous section. A key set of equations, (B), is derived for
applying a high order RK correction. In the following theorems and lemmas, we
will assume that function f (t;y) in IVP (2.1) has S 1 degrees of smoothness if
the solution y(t) has S degrees of smoothness.

De nition 5.1. A p-stage explicit RK method can expre|ssed in the form
xP X1
i«1 = i+ bk k=hf ti+gh i+ gk j=1;23p;
j=1 I=1
where & , Iy, and ¢; are real coe cients. An RK method is of order r if f (t;y)
in (2.1) is su ciently smooth, and ky(t; + h) i+1k  Kh"! for some constant
K> 0, i.e., the Taylor series expansion for the exact solutiony(t; + h), and .1,
coincide up to and including the term h".

Proposition 5.2.  Let y(t), the solution to IVP (2.1), have S r degrees of
smoothness, and let be the numerical solution obtained using arr™ order RK
method. If tn+1 tm = h, then

X hi S
(5.1) m+1 = m* j_|Ej (tm; m)+ Ri(tm; m)+ O(h>);

= 0

where the functionsE; (t;y) are the elementary di erentials of y,

(5.2) (t) = Ej(ty(t)) = X Wi ww T (F )W
' y = B GYE)= o aigt ayialt ol y o .
g+ag 1 i=1
and the remainderéerm, 1
X1 X . Yi »
Rr(t; ): i @ ;Yllqulvz q:r?linagv:l;f (ftq{ yqiy )WI (tm; m)f W (tm; m)A ;
i=1

=l geg g1
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WiW2 Wp i Wt

has constant coe cients " ",
aral ay'g

determined by the speci ¢ RK method.

Proof. Equation (5.1) comes from a Taylor expansion of 41 aboutt = t,. Note
that the rst r +1 terms coincide with the Taylor expansion of the exact soluion,

X 1hi 0 S
(5.3) Y(tm+1) = y(tm) + j_'y] (tm) + O(h®):

=1
The remainder term can be proved by induction. Once again, tle range of summa-
tion, ¢ + ¢, | 1,is not restrictive since some of the coe cients i

ay ot ay’ g

will be zero.
Theorem 5.3. Let y(t), the solution to the IVP (2.1), have at leastS M +2
degrees of smoothness in the continuous sense. Then, thedberror for an IDC
method constructed using(M + 1) uniformly distributed nodes, (t, = mh;m =
0;:::;M), an (ro)™ order RK method in the prsdiction step and(ry;rz;:: )™
order RK methods, is O(h(®«* ), wheres,, =~ fL,r; M +1.

Proof. The proof of Theorem 5.3 follows from two lemmas discussed ithis section.
We will show in Lemma 5.4 that the theorem holds fork = 0, and in Lemma 5.5
that an inductive argument is satis ed.

Lemma 5.4. (prediction step): Consider an IDC method constructed usig (M +1)
uniformly distributed nodes, and anr{ order RK method for the prediction step.
Let y(t), the solution to IVP (2.1), have at leastS M + 2 degrees of smoothness

computed after the prediction step. Then, the error vector,d) = y ~I% satis es
kdk; O (hTe*1), and the rescaled error vector @ = 1-€% hasmin(S ro;M)
degrees of smoothness in the discrete sense.

Proof. We drop the superscript [0] since there is no ambiguity. Fir$, note that a
Taylor expansion of the error, en+1 = Ym+1 m+1, about t = t,, (see equations
(5.3) and (5.1)), results in

€m+1 = €n + Un + I'im lom + O(hs);

where
Xo pi
Um = i_l(Ei(tm;ym) Ei(tm; m))
i=1
Xo pi SXE T 1y e )i @E. .
— I_' ( ) .'( m) %yl (tm;Ym)"' O((em)S I),
i=1 =1 )
1 .
h' .
Mm = Fy(')(tm);
i=ro+l :
X1t X Yi
L R O G A CER

j=ro+l q{+q§, i1 i=

We are now ready to boundk€%k; by induction. By de nition, ey = 0, so certainly,
g (h'o*l). Assumethate, O (h'*!). Sinceun, O (h°*2),ry;, O (h'o*l)
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and ro;, O (h'o*1), we haveeyn+s O (h'°*1), which completes the inductive
proof.

To prove the smoothness of the rescaled error vector, we wilhgain use an in-
ductive approach, but this time, with respect to s, the degree of smoothness. First,
note that a divided di erence approximation to the derivati ve of the rescaled error
vector gives

(dle)m = w =ty +Ffim Fom + O(hS ro l)'
where
Xo pXL i i lpitre( 1) 1 @E,
u (1) *h @E _
b = I‘I'Onj“:L - il j! @yl (tm;Ym)(€m) + O(hS ro l);
=1 j=1 :
X 1 i ro 1
. h )
Fum = hroTl = i y(l)(tm);
i=ro+l '
S 2 i
— Rro(tm; m)_ XO hJ X WiW2  Wn; Wt \F f _ i Wit . fo o .
l=2;m_hroiﬂ_ %1% q?iqgiqf (tq{yq'y) (m, m) (ma m).
I=0 qi+q) j+ro i=1

We are now ready to prove that® has min(S rg; M) degrees of smoothness by
induction. Sincekek; O (h)is bounded,®&has at least zero degrees of smoothness
in the discrete sense. Assume thaghass < min(S ro; M) degrees of smoothness
in the discrete sense. We will prove thatd;e has s degrees of smoothness, from
which we can conclude& has (s + 1) degrees of smoothness in the discrete sense.
From a similar argument in the proof of Lemma 4.2,& hass degrees of srlnoothness
in the discrete sense. Assuming thaty(t) has S degrees of smoothnessy; has
(S ro 1) degrees of smoothness. Since has s degrees of smoothnesse has
min(s+ ro; M) degrees of smoothness and = ¥ ehas min(s+ ro; M) degrees of
smoothness. Thusr, has min(s+ro;S ro 1;M), atleasts, degrees of smoothness
in the discrete sense. Therefor@® has (s + 1) degrees of smoothness. We can now
conclude that & has min(S ro; M) degrees of smoothness in the discrete sense.

Lemma 5.5. (correction step): Let y(t), the solution to IVP (2.1), have at least
S M + 2 degrees of smoothness in the continuous sense. Consider aBG
method, constructed using(M + 1) uniformly distributed nodes, an (ro)" order

respective correction loops. If the error vector after the(k 1) loop satis es
dk U O (hs 1*1), and the rescaled error vector,g@ 1= L €k 1 has(M +
1 sx 1) degrees of smoothness in the discrete sense, then, the upstherror vector,
€, satis es keklk; O (h%*1), and the rescaled error vector,g = L€, has
(M +1 s¢) degrees of smoothness in the discrete sense.

The proof of this lemma is very technical and involved. First, we discuss proper-
ties of the error function, e D (t). Then, the actual construction of IDC methods
using RK integrators within the correction loops is described. A discussion on the
properties of the numerical error vector is given before Lemma 5.5 is proved. Note
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that for a non-uniform distribution of nodes, &% has only one degree of smoothness
(as discussed in Remark 4.4), hence, Lemma 5.5 does not apply

5.1. Properties of the error function. We write the error equation (2.4) as
(5.4) Q% M)A = FEQ™ Pty E™X V() =k Yk V();

R
where Q¢ (1) = ek D(t) + EKk D(t), and EK D(t) = S k- D()d. our
analysis for the error vector will rely on this form of error equation, (5.4), or the
scaled variant,

(5.5) Q% Mt = 6 V(t; Q% D(t));
where QK D (t) = Q;:kl)l(t)y and G (g, gk D(p) = Gk 1)(t:hhskk 11Q‘k 1’(t)>'

Proposition 5.6. If ek D(t) O (hs :*1), then Qk U(t) O (hs« :*1), and
G D Q% I(t)) O (h% **1).

Proof. From the above de nition of G,
G D, Q™ P(t) = F(e D)
_ X2y @t

(t yO)(e® D)) + O(h(Sk 1*D(S Dy o (hse 141y,
i=1

and QU (1) = R;ew D(;QK B()d O (h% ).

Proposition 5.7. Suppose€ U O (hs :*1) and the rescaled error vector,
gk U has(M +1 s¢ 1) degrees of smoothness in the discrete sense. Then

|
(5.6) %QW D)y o );if | M+1 s 1 8t2[0H]:

Proof. Since the rescaled error vectorgl 1 has (M +1 s, 1) degrees of smooth-

ness in the discrete sense, from Proposition 3.1 dtle‘k D) O (1), for |
M +1 s¢ 1;8t2[0;H]. From Proposition 5.6,
Z

Qk D(t) = gel Yk () d

:
: Zotx e Gy O By d + o 1s By,
we have -
G o= LA Gy (& D) + Ofhe 0o 2y
0 (1)-
dd—:.Q(k RO 1(e(k D) O (@) for 1=2;0M+1 s o

Note that if & 1 does not have the required degrees of smoothness (e.g., if am
uniform mesh is used to construct the IDC method), then the dscrete derivative

of d%'rQ(k D is no longerO(1).
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Proposition 5.8. Q1 (t) satis es

MXSk 1 hl
Q[k 1] _ Q|[']I§ l]+ G(k l)(tm, [k l)+ O(hM +1  sg 1)

m+1
i=1

or, equivalently,

(5.7)
M k 1 h Z tm +1
el = b Deh i 26 i Q)+ oM kD()d;
i=1 tm
where
X \d
Gt Q = e GE DGR MM s
grq, 11 0 = 1HQE
As before, ;""" are constant coe cients, and, wi, Wi, ¢, o and n; are
4y o' 9
non-negative integers. Note that
i 1k 1) d
(k 1 k1 d °G k1 L .
G, Ql V() = TR e —Q* () O n(D); Mo a
5.2. RK integrators within the correction loop of IDC methods. Ap stage,

rih order RK method applied to (5.5) gives,
kR, = Gk 1)(t [k 1])

R, = G Do+ czh;(cg{)k Ut hapiki))
Ry = G D(to+ coh; (QF° M+ h(apaRa+ i+ &y 1Ky 1))

~0 = gl Uy h(byky + 1o+ bpko);

where denotes the solution in numerical space. In the actud implementation, we
discretize the error equation (2.4) as follows,

ki = Fto;e) )
z

K to+czh
ko=F to+ chiel M+ hasiks & D()d
to
!
)@ Z to+Cph
ko= F to+ ghiel T+ h  ayk kD )d
i=1 to
)(p to+h
(5.8) M=k Uin pk € D()d:
i=1 to

Proposition 5.9.  The Taylor series for & D(to + h) = —trelk D(to+ h) and

for Fs% [1"] above, coincide up to and including the termh", for a su ciently

smooth error function & D (t).
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Proof. First, we prove by induction that
(5.9) h3 1k = ki; 8i=1;:::;p:
Since
h% 1Ry = G D(to; Qb Yy = F(toie® V(to)) = ki;

the claim is true for i = 1. Assume that (5.9) is true for 1;:::;i. Then,
0 1
X
h 1Ry = G D @ty + ciog hih™ 1(QK V(to)+ h @i K)A
j=1
0 ‘ 1]
X
= G* V@ + G b QK P(t)+ h @ kA
1
0 ! 1
X
= F @+ hiQ¥ (to)+ h gk EX V(to+ cuah)A
1
0 : 1
Xi z to+ Cis1 h
=F@+cahef T+h  an;k *D()d A = ki
j=1 to

which completes the inductive proof. Also,
M= hs =1 E(y)
= Q% D(tg) E(ty) + h(biky + 11+ bykp)

to+h
= &b T+ (ke + 1+ bpkp) kD()d:
to
Since the Taylor series forQ(k D(to + h) and ~}! coincide, up to and including,
the term h', the Taylor series for t—e* Y(to + h) and 1+ M also coincide,
up to and including, the term h".

Proposition 5.10.  Suppose that the error equation(2.4) is discretized using the
algorithm in (5.8). Then, the numerical error vector satis es
Xk sk 1+i
(5.10) Moo= Ky G V(tm: ~H) + b iRy (e TR
- !
tm+1

(k l)( )d + O(hM +l);

tm

R
where ~l = Lo K(t,)+ &k D()d and

Mxscr X Y
Ry 1 (G Y= he R (AN (o IR (NN () I
[oh CIQ O CIQ i=1 thQQ

@=re*l g+, q 1

;Vl;vlvz qvnvi”aﬁ'vf are constant coe cients determined by (5.8). Note that the
te o

R
O(hM*1) truncation error arises from numerically computing ttm'“*l k- D(H)d,

Here
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and that G* 1q)i (t Y O n@) for g+ q'Q M s¢ 1. We omit the proof, which
thQ Q
is similar in spirit to the proof of Proposition 5.2.

Remark 5.11 In algorithm (5.8), an evaluation of f (t; (t)) is needed at interme-
diate stages, e.g., att = tg + ¢yh; this results in additional function evaluations
of f (t; (t)). Since function evaluations are usually the most computaionally in-
tensive portion of an algorithm, we perform polynomial interpolations from known

M ™ degree Lagrange interpolant,LM (t;f ), (3.2), is constructed and used to ap-
proximate f (t; (t))jt=t,+c,h. This approximation has truncation error, O(h™ *2).

Remark 5.12 To evaluate the integtal term in algorithm (5.8), we integrate the cor-
responding Lagrange interpolant, tt0°+°ih LM(t; & Dydt, i =1;:::;p, with trun-
cation error, O(hM *2),

Proof of Lemma 5.5. Subtracting the numerical error vector, (5.10), from the inte-
grated error equation, (5.7),

(5.11)
[kl — Ak 1] [K]
€m+1 = €m+1 m+1
M+:§( Sk 1 4.
h' 1
= el + hoe TG (tmi Ol )
i=r+1 ’ | "
. Xk pi k 1 e|["|l"|< 1, E Kk l)(tm) 1 r[1|"(|]+ E(k l)(tm)
+ h3 1 -— Gi 1 tmu G 1 tm’
il hsk 1 i hse 1

i=1 |
B+ E® D (tn)

hSk 'Rr+1 tm; - + O(hM +2)
= e[nlfll + ULI”(I] + rg-k;ml] r[2k,r]n + O(hM +2);
where
(5.12) | )
Xk hi k14 gk Dty Ky g Dty
K] — . . €m (tm) . .m (tm)
Un' = hsk 1- . I_' G 1 tm; hsc 1 G 1 tm; hsk 1
i=
X< hid 1 k k k k k k
= ogrr %Y tmiel Y EN U(tn)  GHY [+ EX D(tm)
i=1
Xk hi g !
= ogrr fmivitn) fotmn ©(tn)
=1 0 1

X ad gty ar
iodt T @y

i=1 j

(tm: y(tm))(el) + O((el)® HA ;
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and sincesy = sk 1 + I,

M +
[kl_sk1 XSklhl [k 1]
(5.13) Mg~ = h 77Gi 1(tm Q)
i=rg+1
=hsk+1NxSk; |i d' ( Q[k 1) .
o (eri+1) dt dtre oum ’
|
(k] (k 1) '
Kl _ . m+E (tm)
(5.14) rfh = % *Rean tm
M Sk i Wi
A N T TS R (e Dk

aoa 9. 'q’ qq'
i=0 qu+q{ i+rkQt Q™ i=1 Q

We are now ready to boundk€¥ k; using an inductive argument. By de nition,
e =0, so certainly i) O (hs<*1). Assume that ey} O (h5k+1) From (5.12),
u) O (hs«*2). By Proposition 5.7, X G(tm; QK 1) = 40k D(t)jiy,

dt'k dt"k*1

O(1). Therefore, rff,, O (h%*1) from (5.13), and r}}, O (h%*) from (5.14)
and Proposition 5.10. Thus, € I (hs<*1), completing the inductive proof.

' +

As before, we will prove tFlne lsmoothness of the rescaled errarector using an
inductive argument based ons, the degree of smoothness @&*!. First, the rescaled
error vector has at least 0 degrees of smoothness siné& k;, O (h) < 1.
Assume that & hass <M +2 s, degrees of smoothness in the discrete sense.
We will prove that diel*! has s degrees of smoothness, from which we can then
conclude that 8! has (s + 1) degrees of smoothness. Using (5.11), the divided
di erence approximation to the derivative of the rescaled aror vector satis es

k] UEE] 1k g 1 M+2 s
(e = S+ gl fein £ ot o,

where
K] Xk i 14 1 X2 i+l psc( 1)
o L O iyt + (s 2
L, ibodt (=1 j!
k 1 : )
F:[I';m ] = X 17hl i d' ( Q[k l) .
h o (e+i+Dldt dte m: '
kK] M s i i
F[Z;m - *® I,:i X WiW2 WﬁiV‘{f ¥ G (t -—[k]) " GWr (t -~[k]).
h Gasagd el ! o)

i=0 qi(?+q{ i+rg
are computed from (5.12), (5.13), and (5.14).

Using a similar argument from before, &% has s degrees of smoothness in
the discrete sense. Similarly, ; 1F{k] has M  s¢) degrees of smoothness since
S Gt QK Dji=y, = T Q(" D (t)ji=t, , has M  s¢) degrees of smoothness.
Since %F{z] also ha}s minM  si;s) degrees of smoothness in the discrete sense, we

can conclude that'dle[k] has s degrees of smoothness in the discrete sense, which
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implies that &l has M +1 s¢) degrees of smoothness in the discrete sense,
completing the inductive proof.

Theorem 5.13. (deferred correction): Supposey(t), the solution to IVP (2.1),
has S M + 1 degrees of smoothness. Consider a deferred correction meih

methods for k; correction loops. 'Ehe local error for the above deferred caection
method is O(h% *1), where sy, = J!(':O o M+1.

Proof. The proof of this theorem is similar to that of Theorem 5.3. The di erence
involves using the di erential form of the error equation (2.6), instead of the Picard
integral equation in the correction steps. This leads to a dierence in the maximum
achievable order. Speci cally, deferred correction methds approximate @@t (k- Dt),
(2.6), with at most M ™ order accuracy. Thus a deferred correction method can
achieve M " order accuracy at best, unlike the IDC methods which can actéve
(M + 1)t order accuracy.

6. Numerical examples

We test the order of accuracy for various IDC methods constrated using a
variety of integrators in the prediction and correction steps. Our numerical runs
are in agreement with the analysis in Sections 4 and 5. Then, & compare the
stability and accuracy of these methods. Superior stabiliy and accuracy properties
are observed for IDC8-RK4 versus IDC8-RK2 and IDC8-FE.

Example 6.1. Consider the IVP,
(6.1) yAt)= 2 sin2t 2@y cos2t); y(0)=1;

which has an exact solution,y(t) = cos2t . We solve this IVP numerically using
IDC methods constructed with eight uniformly distributed n odes and various in-
tegrators. Speci cally, given a nal integration time, T, and number of intervals
N, the IDC method is iterated completely in each interval, [t; 1;ti] = T=N;i =
1;:::;N using the quadrature nodest;; = t; + jh;h = H=7;j = 0;:::;7. This
de nes the starting value for the next interval. In the table , IDC8-FE denotes the
IDC method constructed using eight uniformly distributed n odes and forward Eu-
ler integrators for the prediction and correction loops, IDC8-RK2 denotes the IDC
method constructed using eight uniformly distributed nodes and RK2 integrators
for the prediction and correction loops, etc. Eighth order mnvergence is observed
for all IDC8 schemes tested, in agreement with the analysis @sented in Section 4
and 5. Interestingly, the error of the numerical solution obtained using IDC8-RK4,
is consistently one order of magnitude smaller than that of hose obtained using
IDC8-FE and IDC8-RK2. More analysis and discussion on this dservation are
provided in [3]. The results are summarized in Table 1.

In Table 2, the computations are repeated with deferred corection methods.
DC8-FE denotes a deferred correction method constructed tsg eight uniformly
distributed nodes and forward Euler integrators for the prediction and correction
loops, DC8-RK2 denotes a deferred correction method with ght uniformly dis-
tributed nodes and RK2 integrators for the prediction and correction loops etc.
The expected seventh order convergence is observed for DE&&. The eighth order
convergence observed for DC8-RK2 and DC8-RK4 is puzzling. Ais behavior does
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Table 1. The error at T = 20 and the corresponding order of
accuracy for various IDC methods used to solve IVP (6.1). No¢
that the number of steps, N, is inversely proportional to the inter-

val size,H = T=N, and the sub-interval size isH=7.

{ IDC8-FE IDC8-RK2 IDC8-RK4
steps (N) error  order| error order| error order
40 5.47E-6 { 5.48E-6 { 4.49E-7 {
80 1.49E-8 8.52| 149E-8 852| 1.17E-9 8.57
120 5.42E-10 8.17| 5.43E-10 8.16| 4.27E-11 8.18
160 5.30E-11 8.08| 5.31E-11 8.08| 4.16E-12 8.10
200 8.79E-12 8.05| 8.80E-12 8.05| 6.83E-13 8.10

not appear if an odd number of quadrature nodes are used to catruct the DC
method.

Table 2. The error at T = 20 and the corresponding order of ac-
curacy for various DC methods used to solve IVP (6.1). Note ttat
the number of steps, N, is inversely proportional to the interval
size,H = T=N, and the sub-interval size isH=7.

{ DC8-FE DC8-RK2 DC8-RK4
steps (N) error  order| error order| error order
40 3.89E-5 { 5.72E-6 { 5.87E-7 {

80 3.30E-7 6.88| 2.60E-8 7.79| 2.54E-9 7.85
120 2.15E-8 6.74| 1.02E-9 8.00|9.83E-11 8.02
160 291E-9 6.94|1.02E-10 8.00|9.81E-12 8.01
200 6.11E-10 6.99| 1.70E-11 8.00| 1.64E-12 8.01

De nition 6.2.  The ampli cation factor for a numerical method, Am( ), can be
interpreted as the numerical solution to

(6.2) yIn =y (®); y(0)=1;
after one time step of size 1 for 2 C, i.e., Am( ) = y(2).

De nition 6.3.  The stability region, S, for a numerical method, is the subset of
the complex planeC, consisting of all such that Am( ) 1,

S=f :Am() 1g:

In Figure 1(a), the stability regions for IDC8-FE, IDC8-RK2 and IDC8-RK4 are
computed numerically and plotted. Interestingly, the area of the stability regions
increases with the order of the embedded integrator. This ig't overly surprising
since the regions of absolute stability for RK methods of orér one (Euler's method)
through four increases with the order. A similar observatian is made in Figure 1(b)
for twelfth order IDC methods constructed using twelve interior points and various
integrators.
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Figure 1. (@) Stability regions for eighth order IDC methods con-
structed using eight uniformly distributed points and vari ous inte-
grators. The regions of absolute stability increase with tre order
of the embedded integrator. (b) A similar observation is shavn for
twelfth order IDC methods.

Denition 6.4. Let e( ) bethe errorat T = 1, obtained using a numerical method
to solve IVP (6.2), 2 C, with a xed number of function evaluations (i.e., dt is
chosen so that the total number of function evaluations for the method can be
controlled). Then, the accuracy plot for that numerical method is de ned to be a
contour plot of the error, e( ).

Generating the accuracy plots for di erent methods, where the same number of
function evaluations is used to generate each plot, gives ua way to qualitatively,
and quantitatively compare the performance of the di erent schemes; i.e., for the
sameamount of work, how accurate are the methods?

In Figures 2(a) and 2(b), the accuracy plots for a generic RK4method are
shown generated width 56 and 560 function evaluations resmtively. In Figures 2(c)
and 2(d), accuracy plots for IDC8-FE are generated with 57 and 570 function
evaluations, while Figures 2(e) and 2(f) show the accuracy lots for IDC8-RK4
generated with 57 and 570 function evaluations. For the sam@&umber of function
evaluations, the accuracy plots show that IDC8-RK4 perforns better than RK4
and IDC8-FE. This is particularly evident when j j 1.

7. Conclusions

In this paper, a local error analysis is given for SDC methodsonstructed using
general high order RK methods and a uniform distribution of quadrature nodes.
Similar arguments apply for the deferred correction method Numerical examples
are in agreement with our analysis.

Our analysis does not extend for non-uniform distributions of quadrature nodes;
in fact, preliminary numerical experiments show that the accuracy order of an SDC
method, constructed with a non-uniform distribution of qua drature nodes, doesn't
always increase withr orders, even when ar™ order RK method is applied. In-
vestigations on using non-uniform quadrature nodes and othr high order methods,
e.g., multi-step methods, are on-going research topics.
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